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Abstract: We borrow the form of potential of the well-known kink-bearing ϕ4 system in
the range between its two vacua and paste it repeatedly into the other ranges to introduce
the periodic ϕ4 system. The paper is devoted to providing a comparative numerical study
of the properties of the two systems. Although the two systems are quite similar for a
kink (antikink) solution, they usually exhibit different behaviors throughout collisions. For
instance, they have different critical velocities, different results during collisions, and a
different rule in their quasi-fractal structures. Their quasi-fractal structures will be studied
in the disturbed kink-antikink collisions as well. Hence, three types of scattering windows
will be introduced with respect to the incoming speed, the amplitude, and initial phase of
the internal mode, respectively. Moreover, a detailed comparative study of the collisions
between two kinks and one antikink will be done at the end.
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1 Introduction
Nonlinear field models with topological kink (antikink) solutions in 1 + 1 dimensions are
of growing interest for theoretical physics from high energy physics and cosmology to con-
densed matter physics [1–13]. Especially in cosmology, the structure and dynamics of
domain walls, can be modeled or described by the (1+1)-dimensional kink-bearing theories
[9–14]. Topological kink (-like) solutions also exist in more complex models with two or more
fields in (1 + 1)-dimensions [15–23]. Complex kink (anti-kink) solution is another type of
topological soliton-like solutions which was obtained for a complex nonlinear Klein-Gordon
field system [24].
The dynamic and other properties of kinks have been of great importance and have at-
tracted the attention of physicists and mathematicians for a long time [25-80]. In particular,
the kink-(anti)kink scattering and the interactions of kinks with impurities were actively
studied previously [42–49]. In this context, the recent interesting results on kink-antikink
interactions in models, which possess kinks with power-law tails, can be mentioned [50–54].
It is also worth mentioning that the recent results on the study of maximal values of dif-
ferent quantities in multi-soliton (kink and antikink) collisions have been another topic of
interest to researchers in recent years [55–57]. There have been different methods to study
the behaviours of kinks (antikinks) in the interactions among which one can mention the
quasi-exact numerical methods, and the approximate methods such as the collective coor-
dinate approximation [58–62] and the Manton’s method [63–65]. However, in this paper,
we only use a numerical method to obtain the results.
For some kink solutions, there is an ability to keep a constant oscillatory internal motion
with a specific frequency. This phenomenon is related to whether there is a non-trivial
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internal mode for the kink (antikink) solution [66–68]. Internal modes are the bound states
of a Schrödinger-like equation which was obtained by considering the small fluctuations
on a kink solution. Kink-bearing systems, depending on whether they have non-trivial
internal modes, can be divided into nearly integrable and non-integrable models [68–70].
In this context the only integrable model is the well-known sine-Gordon (SG) system. It
was shown that the energy loss due to the radiation during the collision is usually small
in the nearly integrable models in comparison with non-integrable models. The amount of
radiation is a complicated function of the initial speed, and depending on that, the fate of a
kink-antikink collision can be completely different. In general, the collision between a kink
and an antikink may lead to a long-living non-topological oscillating bound state, so called
a bion state, or they may eventually bounce back and reflect from each other, or they may
annihilate immediately in radiative systems [71].
For any kink-bearing system except the SG system, there is always a critical speed
vcr for which if the initial speed vin of a head-on kink-antikink collision is greater, kink
and antikink pass through one another and reappear after collisions with a constantly
vibrational behavior. If the initial incoming speed vin is smaller than the critical speed vcr
(vin < vcr), the kink and antikink usually form a bion state that decays slowly and radiates
energy in the form of small waves. In a number of models, when vin < vcr, there have
been spotted a new interesting phenomenon called the escape or scattering windows. For
such initial speeds, because of the resonance energy exchange between the translational and
vibrational internal modes, the two kinks (antikinks) will not form a bion and will bounce
off each other after two or more collisions [72–74]. Moreover, a prominent feature of such
systems is the appearance of a chaotic quasi-fractal structure with a hierarchical order of
scattering windows [67, 75–77].
In this regard, the ϕ4 model which is a well-known kink-bearing system, was studied
extensively, namely, in relation to the resonant kink-antikink scattering and the quasi-
fractal structure [67, 75], kinks interaction with impurities [45–47], high energy density in
the collision of N solitons [56], ac external force [78], and the periodically modulated on-site
potential [79]. The corresponding potential of the ϕ4 system is as follows:
V (ϕ) =
1
2
(ϕ2 − 1)2, (1.1)
It has a single non-trivial internal mode ψ(x) ∝ tanh(x) sech(x) with a specific rest fre-
quency ωo =
√
3 [67]. In this paper, inspired by the well-known ϕ4 model, we introduce a
new kink-bearing system that can be called the periodic ϕ4 model with following form of
the potential:
V (ϕ) =
1
2
((ϕ− 2n)2 − 1)2, 2n− 1 6 ϕ < 2n+ 1, (1.2)
where n = 0,±1,±2, · · · . The potential of the new system is the same as that of the ϕ4
system in the range −1 < ϕ < 1, which is repeated in other regions of the real scalar field
ϕ (see Fig. 1). Although both systems have identical soliton (kink and antikink) solutions,
they exhibit different behaviors in the collisions (interactions). The main purpose of this
paper is to present a comparative study of the interaction properties of these systems.
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Accordingly, the collisions, the scattering windows, and the quasi-fractal structure of both
systems will be investigated and compared in detail.
 
𝑉(𝜑) 
𝜑 
Figure 1. The red dash (solid blue) curve is representing the potential of the (periodic) ϕ4 model.
In fact we copy the potential of the ϕ4 model in the range from −1 to 1 and paste it in multiple
regions such as −1 to −3, −3 to −5, 1 to 3, 3 to 5, and so on, to introduce the potential of the
periodic ϕ4 system.
Our paper is organized as follows. In section 2, we review, briefly, the formulation and
some general properties of a relativistic kink-bearing system in 1+ 1 dimensions. Also, the
necessary numerical considerations for the obtained results are presented in this section.
In Section 3, the internal modes of the kink (antikink) solutions are considered in detail.
Section 4 is devoted to all numerical results, which have been obtained for both ϕ4 and
periodic ϕ4 systems. The last section is devoted to summary and conclusions, where we
also formulate some possible directions for further research.
2 Basic Equations
In general, the Lagrangian density of a kink-bearing system in 1 + 1 dimensions is
L = 1
2
(
∂ϕ
∂t
)2
− 1
2
(
∂ϕ
∂x
)2
− V (ϕ), (2.1)
where ϕ is a real scalar field and the self-interaction term V (ϕ) is called the potential.
Using the Euler-Lagrange equation, the equation of motion can be derived as:
∂2ϕ
∂t2
− ∂
2ϕ
∂x2
+
dV
dϕ
= 0, (2.2)
or in other words
ϕ¨− ϕ′′ = −dV
dϕ
, (2.3)
where ϕ¨ and ϕ′′ are the second derivatives of the scalar field ϕ with respect to time and
space, respectively. For the dynamical field equation (2.3), there are various manifestations
of the potential V (ϕ) that yield well-known kink (anti-kink) solutions. In fact, if the
positive definite potential V (ϕ) has at least two degenerate vacua (i.e. points of minimum
potential), there will be localized solutions called kinks and antikinks with positive and
negative topological charges, respectively.
– 3 –
In order to find a moving non-vibrational topological kink solution, we should consider
the dynamical equation (2.3) for a solution in the following form: ϕv = ϕo(γ(x−vt)), where
v is the velocity of the kink, γ = 1√
1−v2 , and ϕo(γ(x − vt)) is an unknown function which
should be found. If one does this procedure for the periodic ϕ4 system (1.2), the moving
non-vibrational kink and anti-kink solutions will be
ϕv(x, t) = tanh(±γ(x− vt)) + 2N, (2.4)
where + (−) is used for kinks (antikinks), and N is any integer number. Note that the
above solutions for N = 0 are the same kink and antikink solutions of the ordinary ϕ4
system.
For such a system, the superposition of two or multiple kinks and antikinks can be
assumed as new solutions of the system, provided they are far enough from one another. For
example, for m number of the kinks and antikinks, which initially have different velocities
vi and positions xi, the following combination
ϕkk¯ =
m∑
i=1
tanh(±γi(x− vit− xi)) + C, xi+1 − xi  1, (2.5)
where γi = 1√
1−v2i
, is again a solution of the system. The constant C is a proper number
which should be included in order to have right boundary conditions. In fact, the relative
distance between the kinks and anti-kinks are quite large to ensure that the overlap of
the kinks and anti-kinks are negligibly small. It should be noted that, for the ordinary
ϕ4 system, since there are two vacuum points at −1 and +1, only the collisions of the
alternative combinations of the kink and antikink solutions are possible to be studied.
However, for the periodic ϕ4 model there are no conditions on the initial arrangement of
kinks and anti-kinks like the SG system.
In general, since it has not been possible to obtain multisolitonic solutions of the non-
integrable systems analytically, it is common to use numerical methods to study the col-
lisions of any number of kinks and antikinks. Using a superposition of several far apart
kinks and antikinks, which are moving towards the collision point, is the necessary initial
condition for a numerical investigation of the collisions. To acquire numerical results of the
equation of motion (2.2), we use the discretized version of that in the following form [75]:
∂2ϕn
∂t2
− 1
h2
(ϕn−1−2ϕn+ϕn+1)+ 1
12h2
(ϕn−2−4ϕn−1+6ϕn−4ϕn+1+ϕn+2)+ dV (ϕn)
dϕn
= 0,
(2.6)
where h is the small spatial step, n = 0,±1,±2, · · · and ϕn = ϕ(nh, t). A fourth-order
Runge-Kutta scheme with the small time-step k is used to solve the ordinary differential
equations (2.6) numerically. The accuracy of this standard method is to fourth order in
both temporal and spatial steps. In this paper, all the simulations were carried out for
h = k = 0.02. To avoid the reflective effects of boundaries on the accuracy of simulations,
we fix them at far distances from the origin (x = 0), namely from −200 to 200 in this paper.
It is also necessary to say that all simulations were done in the time interval 0 < t < 400.
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From the Noether’s theorem, the energy functional corresponding to the Lagrangian
(2.1) is viewed as:
E[ϕ] =
∫ +∞
−∞
ε(x, t) dx =
∫ +∞
−∞
(
1
2
ϕ˙2 +
1
2
ϕ′2 + V (ϕ)
)
dx = K + U + P. (2.7)
where
ε(x, t) = k(x, t) + u(x, t) + p(x, t), (2.8)
is the energy density function and functions k(x, t), u(x, t), and p(x, t) are introduced as
k(x, t) =
1
2
(
∂ϕ
∂t
)2
, u(x, t) =
1
2
(
∂ϕ
∂x
)2
, p(x, t) = V (ϕ) =
1
2
((ϕ− 2n)2 − 1)2 (2.9)
Accordingly, the total energy of the system (2.7) can be written as the sum of three portions:
the kinetic energy K, the gradient energy U , and the potential energy P , that are defined
as the integrations of the k(x, t), u(x, t) , and p(x, t), above the whole space, respectively.
Hence, k(x, t), u(x, t) , and p(x, t) are called the kinetic, the gradient, and the potential
energy density, respectively. The details of any collision can be more clarified by studying
the evolution of all these parts throughout the collisions.
In the numerical calculations, we need to somehow be able to obtain the velocity of an
entity after the collisions. To do that, we calculate the energy E (2.7) and the momentum
P of this entity and simply use the relativistic relation v = P/E. The corresponding
momentum for the Lagrangian density (2.1) would be:
P [ϕ] =
∫ +∞
−∞
(−ϕ˙ϕ′)dx, (2.10)
that is another obvious result from the Noether’s theorem as well as equation (2.7).
3 Internal modes
A kink (antikink) has the lowest energy among the other solutions with the same asymptotic
behaviour [25, 80]. Therefore, we can expect that any permissible small deformation above
a kink (antikink) solution, finally leads to an increase in the total energy. In general, a
small deformed kink solution which is at rest, can be introduced as follows:
φo(x, t) = ϕo(x) + δϕ(x, t), (3.1)
where ϕo(x) is the same non-moving kink solution (for example Eq. (2.4) for v = 0) and
δϕ(x, t) is any permissible small function. Note that a permissible deformation δϕ(x, t) is
one for which φo(x, t) is again a solution of the equations of motion (2.3). In other words,
for a non-moving kink (antikink) solution which is slightly deformed (3.1), we expect:
(ϕo + δϕ) = (δϕ¨)− (ϕ′′o + δϕ′′) = −
dV (ϕo + δϕ)
d(ϕo + δϕ)
, (3.2)
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note that ϕ¨o = 0. From Eq. (2.3), for a non-moving kink solution we have: ϕ′′o =
dV (ϕo)
dϕo
.
Therefore, expanding to the first order in δϕ, Eq. (3.2) simplifies to
(δϕ) = δϕ¨− δϕ′′ ≈ −U(x)δϕ, (3.3)
where U(x) = d2U(ϕo)
dϕ2o
can be called the ”kink potential ”. Equation (3.3) can be considered as
the dominant dynamical equation for the small permissible deformations δϕ. Since Eq. (3.3)
is a linear homogenous partial differential equation, we can solve it using variables separation
method. Hence, one can consider a solution of the form δϕ(x, t) = ψ(x)χ(t), provided
ψ(±∞) = 0, and substitute back into Eq. (3.3). Finally, it leads to two independent
ordinary differential equations:
χ¨ = −ω2oχ, (3.4)
−ψ′′ + U(x)ψ = ω2oψ, (3.5)
where ω2o is the constant of separation. The trivial independent solutions of Eq. (3.4) are
cos(ωot) and sin(ωot), respectively. Equation (3.5) is a Schrödinger-like equation for which
there are two different types of solutions which are called internal modes (bound states) and
free modes. Internal modes (free modes) are some discrete (continuous) solutions of Eq. (3.5)
for which ω2o < U(±∞) = Uf (ω2o > U(±∞) = Uf ) and exponentially (periodically) tend to
zero (sin(
√
ω2o − Uf x) or cos(
√
ω2o − Uf x)) at large distances.
In general, Eq. (3.5) always has a trivial solution ψ = ξ
dϕo
dx
with ωo = 0, where ξ is
just an arbitrary small number to make sure that |ψ|  1. However, this trivial solution
dose not have a physical meaning and is associated only with an infinitesimal translation
of the static kink (antikink)-solution [26, 27, 67]. It has been seen numerically that the
kink solutions, which have non-trivial bound states (internal modes), can keep a constantly
oscillating behaviour after collisions (something similar to what is seen in Figs. 4 and 5).
For example, for the φ4 (periodic ϕ4) system, which was introduced in the pervious section,
the related kink potential is U(x) = 4 − 6 sech2(x) for which there is a non-trivial bound
state (internal mode) corresponding to ω2o = 3 and ψ ∝ tanh(x) sech(x) [26, 67]. The
other systems, which have no non-trivial bound states, can never maintain a constantly
oscillating behaviour after the collisions [22, 27, 70]. In fact, any non-trivial internal mode
can be considered as a channel to impose an additional fluctuation on the kink (antikink)
solution. To put it differently, it is a channel for kink (antikink) solution to absorb some
external energies.
Now, let us study the variation of total energy as a functional of the small deformation
above a static kink solution (3.1). According to Eq. (2.7), up to the first order of small
deformations δϕ, the variation of the energy density function is
δε(x, t) = ϕ′oδϕ
′ +
dV (ϕo)
dϕo
δϕ. (3.6)
Since for a non-moving kink (antikink) solution ϕ′′o =
dV (ϕo)
dϕo
, Eq. (3.6) leads to
δε(x, t) = ϕ′oδϕ
′ + ϕ′′oδϕ =
d
dx
(ϕ′oδϕ) =
dF
dx
, (3.7)
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where F = ϕ′oδϕ. As ϕ′o is zero at x = ±∞, the change in total rest energy, for the first
order of deformations, would be zero, i.e.
δEo =
∫ +∞
−∞
δε(x, t)dx = F (+∞)− F (−∞) = 0. (3.8)
Therefore, if we keep the terms up to the first order of small deformations, the rest energy
of the kink solution remains constant. However, keeping the terms up to second order of
small deformations, the variation of the total energy would not be not zero anymore. We
are certain that the energy of a slightly disturbed kink solution, is approximately equal to
that of the non-disturbed one.
Relativistically speaking, if we know the exact space-time function of a scalar field in
the rest frame, using a boost, we can get the corresponding space-time function in other
inertial frames as follows: t −→ γ(t − vx) and x −→ γ(x − vt). For example, based on
pervious discussions, if one considers a kink solution of both ϕ4 and periodic ϕ4 systems,
the general disturbed version of that at rest can be introduced in the following form:
φo(x, t) = ϕo(x) + ψ(x) sin(ωot+ θo), (3.9)
where ω2o = 3, ψ(x) = ξ tanh(x) sech(x) is the single non-trivial bound state of Eq. (3.5),
and θo is an arbitrary initial phase. Therefore, the moving version of this disturbed kink
(antikink) solution can be obtained easily:
φv(x, t) = φo(γ(x−vt), γ(t−vx)) = ϕo(γ(x−vt))+ψ(γ(x−vt)) sin(ωoγ(t−vx)+θo). (3.10)
by introducing ω = ωoγ and k = ωoγv, we can simplify Eq. (3.10) to
φv(x, t) = ϕv(x, t) + ψ(γ(x− vt)) sin(ωt− kx+ θo), (3.11)
where ϕv(x, t) = ϕo(γ(x− vt)) is the same moving undisturbed kink (antikink) solution.
4 Collisions
In this section, we mainly focus on the results of the collisions between a kink and an
antikink of both systems and compare them with one another. We set the conditions such
as initial positions and velocities so that the kink and the anti-kink simultaneously arrive
at a special point in space (i.e. x = 0) and collide. The relative distance between the kink
and anti-kink is quite large to ensure that the overlap of the kink and anti-kink is negligibly
small.
4.1 Primary Results
In a kink-antikink collision, due to the symmetrical potential of the ϕ4 (periodic ϕ4) model,
there are no differences between the results of different orientations such as kink-antikink
(KK) and antikink-kink (KK). The initial condition for this collision in the ϕ4 (periodic
ϕ4) model is:
ϕKK = tanh(+γ(x− vt− a)) + tanh(−γ(x+ vt− b))− 1, (4.1)
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where a = 20 and b = −20 are the initial positions, and v is the incoming speed. In the case
of a kink-antikink collision, there is a critical speed which separates two regions of incoming
speeds. For speeds less than the critical speed, kink and antitank usually stick together
and generate a bion state. For the ϕ4 system, the critical speed is about vcr = 0.2600, and
for the periodic ϕ4 we have found vcr to be about 0.1516. A bion is a long-living bound
state with zero topological charge, which decays slowly via emitting its energy in the form
of small amplitude waves. Figure 2 (3) shows some details of a KK collision at the same
initial speed v = 0.1 below its critical speed in the context of the ϕ4 (periodic ϕ4) system,
which finally leads to the generation of a bion state. From the numerical analysis we can
Figure 2. Some details of a kink-antikink collision in the context of ϕ4 system with initial speed
v = 0.1. Figures a-f represent the variation of the field, energy density, kinetic energy density,
potential energy density, gradient energy density, and the field at center of mass, respectively. Note
that, these explanations are similar in the following three figures and will not be repeated.
extract the extreme values for the ϕ4 system:
k(2)max = 2.1642, u
(2)
max = 0.6332, p
(2)
max = 1.8832, ε
(2)
max = 2.1902. (4.2)
Moreover, for the periodic ϕ4 system we obtain:
k(2)max = 2.2452, u
(2)
max = 0.6707, p
(2)
max = 0.5000, ε
(2)
max = 2.2556, (4.3)
For initial speeds larger than the critical speed (i.e. v > vcr), kink and antikink always
escape from each other after collisions. As an example, some details for such collisions
with v = 0.3 are shown in Figs. 4 and 5 for the ϕ4 and periodic ϕ4 systems, respectively.
Furthermore, the extreme values for the ϕ4 system are:
k(2)max = 2.0751, u
(2)
max = 0.7530, p
(2)
max = 1.7482, ε
(2)
max = 2.0844. (4.4)
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Figure 3. Some details of a kink-antikink collision in the context of periodic ϕ4 system with initial
speed v = 0.1.
Figure 4. The details of a kink-antikink collision in the context of ϕ4 system with initial speed
v = 0.3.
and for period ϕ4 system:
k(2)max = 2.0753, u
(2)
max = 0.6623, p
(2)
max = 0.5000, ε
(2)
max = 2.0844, (4.5)
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Figure 5. The details of a kink-antikink collision in the context of periodic ϕ4 system with initial
speed v = 0.3.
Numerical analysis shows that for initial speeds larger than the critical speed of the ϕ4
system, i.e. v > 0.2600, the extreme values of the energy density function are approximately
the same in both systems. However, unlike the ϕ4 system, for v > vcr, a KK collision in
the periodic ϕ4 system, always leads to a pair of the KK. Meanwhile, as Figs. 4 and
5 demonstrate, the output speed as a function of the incoming speed in the ϕ4 system
is always smaller than that of the periodic ϕ4 system. Moreover, the amplitude of the
induced vibrations after collisions, which are originated from internal modes, are smaller in
the periodic ϕ4 system.
4.2 The Resonance Windows
In general, for a kink-antikink collision, usually one of the three following situations will
occur: Either they stick together and generate a bion state, or that they do not even feel
each other’s influence and get past each other having initial velocities near the speed of
light. The third situation is that they bounce back and reflect from each other. For some
systems, so-called radiative systems [71], there is another special situation in which the
kink-antikink pair will be annihilated immediately after collision.
For many systems, including the ϕ4 (periodic ϕ4) system, somewhere in the range of
the incoming speeds (i.e. v < vcr), that the kink-antikink collisions usually lead to creation
of bion states, there have been numerous wide and narrow intervals for which kink and
antikink can escape from each other in a head-on collision. For wide intervals, they usually
collide for the first time, lose their kinetic energy and generate a transient bion state that
immediately turns into a pair of kink-antikink near the collision point. They collide for the
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second time generating another transient bion state which leads to a pair of kink-antikink
that gets separated and travel back to their starting points. This phenomenon is known
as the two-bounce resonance. Thus, the interesting part is finding intervals of the initial
speeds which lead to two-bounce resonances, such a special interval is called a two-bounce
(scattering) window. In Fig. 6, for instance, a two-bounce resonance is shown for systems
ϕ4 and periodic ϕ4, respectively.
Figure 6. The second (first) row shows a two-bounce resonance in the context of the φ4 (periodic
ϕ4) system with the initial speed v = 0.2 (v = 0.105). Figures a and d show the field representations,
Figs. b and e show the energy density representation, and Figs. c and f show the variation of the
fields at the center of mass ϕ(0, t) for these collisions.
For better understanding, for many kink-antikink collisions, we prepared the output
speed as a function of the incoming speed for the ϕ4 (periodic ϕ4) system in the range from
0.18 to 0.28 (0.1 to 0.16) with the small step size 0.00001, numerically. The final result of
the time-consuming computation is Fig. 7-a (b) for the ϕ4 (periodic ϕ4) system. We split
the obtained peaks into two groups of blue (purple) and red. The intervals where the blue
(purple) peaks are located represent the two-bounce windows of the ϕ4 (periodic ϕ4) system.
Different blue (purple) peaks corresponding to different two-bounce scattering windows are
counted from left to right depending on their position on the vin-axis. Red peaks are
usually another type of windows known as three-bounce windows that will be discussed
subsequently. In general, it seems that there are many discrete two-bounce windows that
the width of them decreases as the initial speeds increase. Numerical calculation shows
that the (n + 1)th two-bounce window differ from (n)th two-bounce window by a longer
time interval, corresponding to an additional cycle oscillation between their first and second
collisions (see Fig. 8 and Fig. 9). In this regard, a peak to peak time interval (Tpp) can be
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introduced for the small cycle oscillations to be used as a criterion for comparing the time
elapsed between the first and second collisions in different two-bounce scattering windows
(see Fig. 8). Figure 9 illustrates the relation between the peak to peak time interval (Tpp)
and the number of different two-bounce windows (n). For both ϕ4 and periodic ϕ4 systems,
this relation is linear with a very good approximation. Moreover, Fig. 9 shows that the
green and red dots coincide very well together, indicating that the two systems behave
similarly for these small oscillations. Furthermore, it should be noted that only for the
periodic ϕ4 system, there are seen another type of very narrow detached intervals for which
two bion states reappear after kink-antikink collisions (see Fig. 10), that is, the intervals
correspond to the green peaks in Fig. 7-b.
 
 
 
 
 
 
 
 
 
 
𝑣𝑜𝑢𝑡 
𝑣𝑜𝑢𝑡 
(𝑐) 
(𝑑) 
0.1045 0.1238 0.1328 0.1380 
0.1992 0.2268 0.2386 0.2448 𝑣𝑖𝑛 
𝑣𝑖𝑛 
(𝑎) 
𝑣𝑖𝑛 
(𝑏) 
𝑣𝑜𝑢𝑡 
𝑣𝑜𝑢𝑡 
𝑣𝑖𝑛 
Figure 7. The output velocity versus the input velocity. Figures a and c (b and d) belong to ϕ4
(periodic ϕ4) system. Blue and purple peaks are the two-bounce resonance windows. The other red
sharp peaks are usually the three-bounce resonance windows accumulated around the two-bounce
resonance windows. The very sharp green peaks in Fig. b demonstrate the situations for which the
kink-antitank collision eventually leads to a pair of bion states.
Around the wide blue (purple) peaks in Fig. 7, there are many narrow red peaks, which
indicate another type of scattering windows known as three-bounce scattering windows, in
which kink and antikink collide three times and then recede (see Fig. 11). In general, there
is a quasi-fractal structure for such peaks (corresponding to scattering windows), that is,
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Figure 8. The variation of the field at the center of mass of a kink-antikink collision for different
initial velocities belong to first, second, third, and fourth two-bounce windows. First (second) row
belongs to the ϕ4 (periodic ϕ4) system. The (n+ 1)th two-bounce window differs from (n)th two-
bounce window by a longer time interval between its first and second collision, and an additional
cycle oscillation. The peak to peak time intervals are introduced in these figures.
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Figure 9. The peak to peak time intervals (Tpp) versus the different two-bounce scattering windows
(n). The green (red) dots show the results of our numerical calculations for the ϕ4 (periodic ϕ4)
system.
for any narrow n-bounce window, corresponding to a sharp peak, there are some adjacent
sharper peaks which indicate a group of narrower (n + 1)-bounce windows. For example,
zooming in on the first two-bounce window of the ϕ4 system in Fig. 7-a in the range of 0.18
to 0.21, leads to Fig. 12-a. Among the sharp peaks around the first two-bounce window,
we can consider a small interval containing a sharp peak, i.e. the red part in Fig. 12-a (for
simplicity we refer to it as the red interval). If we divide the red narrow interval into 1000
nodes, and perform the numerical calculation for all of them, a more accurate vout − vin
diagram for this interval can be obtained (see Fig. 12-b), which shows some new detail for
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Figure 10. Generation of a pair of bion states in a kink-antikink collision of the periodic ϕ4 system
with the initial speed v = 0.11454.
Figure 11. Three-bounce resonance in a kink-antikink collision of the periodic ϕ4 system with the
initial speed v = 0.10722
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Figure 12. The quasi-fractal structure for the φ4 system in vout-vin diagram.
the red small interval. Note that, since Fig. 12-a is obtained by dividing the interval 0.18
to 0.21 into 300 nodes, the red interval is then approximated to only 7 nodes, which is not
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Figure 13. The quasi-fractal structure for the periodic φ4 system in vout-vin diagram.
enough to acquire sharper peaks around the red peak in Fig. 12-a numerically.
Again, we can choose another small interval containing a sharp peak in Fig. 12-b, i.e.
the blue region, and then a more accurate diagram with 1000 nodes can be obtained (see
Fig. 12-c). This routine was repeated for the small green and purple intervals in next figures.
Hence, the more we repeat the zooming in process, the sharper peaks will be revealed. What
we can see here is the existence of a quasi-fractal structure which can be considered as a
general rule for any small interval containing a peak (in fact a n-bounce window), that
is, we can see that there are other sharper peaks to the left and right each original peak.
Similar results are noticed for all peaks in the vout− vin diagram of the periodic ϕ4 system,
as well (see Fig. 13). However, the more interesting rule is that if a special peak corresponds
to an n-bounce window, the surrounding left and right peaks are usually (n + 1)-bounce
windows. To give an example, the wide smooth purple peak in Fig. 13-e is corresponding
to a 6-bounce scattering window and the three sharp peaks around it are actually 7-bounce
scattering windows.
It should be noted that in the figures obtained (12 and 13), the more we zoom in, the
narrower intervals are obtained with more decimal numbers. Hence, the numerical results
for such very narrow intervals, due to the high sensitivity and inevitability of numerical
errors, would depend on the type of space-time spacing. Figures d and e were obtained for
h = k = 0.02 and may be changed if we use other space-time spacing values. However, the
original nature of these systems does not change and is similar to what was seen in Figs. 12
and 13 by zooming in.
4.3 Disturbed kink-antikink Collisions
To study a disturbed kink-antikink collision with the initial velocities v and −v and initial
positions a and b (provided |b− a| is large enough), for which at least one of the kink and
antikink solutions get excited, we first need to prepare the initial conditions in the following
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form:
φKK(x, t) = tanh(+γ(x− vt− a)) + ψ1(γ(x− vt− a)) sin(ωt− kx+ θ1) +
tanh(−γ(x+ vt− b)) + ψ2(γ(x+ vt− b)) sin(ωt+ kx+ θ2)− 1, (4.6)
where θ1 and θ2 are two arbitrary initial phases of the kink and the antikink, respectively,
and ψ1(x) and ψ2(x) are essentially the same small functions with different magnitudes,
i.e. ψ1(x)/ψ2(x) =constant. Since ψ1 and ψ2 are small functions, according to Eq. (3.8),
the particle features of the distinct kink and antikink at initial times (4.6) do not change
significantly. However, it can be shown numerically that these small trapped wave profiles by
kink and antikink, i.e. ψ1(γ(x−vt−a)) sin(ωt−kx+θ1) and ψ2(γ(x+vt−b)) sin(ωt+kx+θ2),
have a crucial role in the output of the collisions. In fact the maximum amplitudes of
trapped wave-profiles A1 = maxψ1 and A2 = maxψ2, and initial phases θ1 and θ2, are two
important factors that can have a significant impact on the outcome of the collisions. Note
that, the initial phases θ1 and θ2 are completely optional parameters which can be randomly
considered any amount in the initial conditions (4.6), however, they play an important role
in the fate of a disturbed kink-antikink collision.
For example, for ϕ4 and periodic ϕ4 systems, the red (blue) curves in Fig. 14 show
how the output speed of a kink in a disturbed kink-antikink collision with b = −a = 20,
v = 0.2, A1 = A2 = 0.1 (= 0.05), and θ1 = 0, is affected by different optional choices of the
initial phase θ2. Moreover, we obtain the output velocity of the disturbed kink-antikink
collisions versus the maximum amplitudes of the initial wave profiles A1 = A2 = A in
Fig. 15 for the ϕ4 and periodic ϕ4 systems, we set θ1 = θ2 = 0 , b = −a = 20, v = 0.2.
Numerically, it was seen that high speed collisions (energetic collisions) reduce the influence
of the initial trapped wave profiles on the fate of collisions, i.e. we do not see significant
different outcomes in the outputs.
In Figs. 14 and 15, there are intervals for which a chaotic behavior is seen. Similar to
quasi-fractal structure of resonance windows which was discussed in the pervious subsection,
here it was seen that the peaks in these special intervals have a quasi-fractal structure as
well. For instance, we can consider a small interval containing a sharp peak in the chaotic
region of the red curve in the Fig. 15-b, i.e. the blue part in the Fig. 16-a. According to
Fig. 16, if we repeat the numerical simulation by 500 nodes just for the blue narrow interval,
a more accurate Fig. (16-b) is obtained which shows some new detail for the blue interval.
Again, we can choose another narrower interval containing a sharp peak in Fig. 16-b, i.e.
the green part, and using a more accurate simulation with more nodes to lead to Fig. 16-c,
and so on for the pink and orange small intervals in the next figures.
What we can observe here is the existence of a quasi-fractal structure which can be
considered to be a general rule for any small interval containing a peak in any chaotic area.
That is, as a rule, other sharper peaks surround each original peak from left and right.
In the pervious subsection, to show that there is a quasi-fractal structure, we studied the
outgoing velocity versus the incoming velocity to obtain the intervals with sharp peaks.
Moreover, it was found that if any peak is an n-bounce window, the surrounding sharper
peaks are usually (n+1)-bounce windows. A similar result is also obtained here for intervals
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Figure 14. The output velocity versus θ2 for a disturbed kink-antitank collision. Figs-a and b are
obtained in the context of the ϕ4 system and Fig-c is obtained in the context of the periodic ϕ4
system. For the red (blue) curves the maximum amplitude of the initial trapped wave profile is
A = 0.1 (A = 0.05). Disturbed kink and antitank initially stand at a = −20 and b = 20, the initial
speed is v = 0.2, and for disturbed kink θ1 = 0. To obtain these results, we used 700 nodes for θ2
in the range from 0 to 2pi.
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Figure 15. The left (right) figure presents the output velocity versus A = A1 = A2 for a disturbed
kink-antitank collision with vin = 0.2 in the context of the ϕ4 (periodic ϕ4) system. For the blue
(red) curve the initial phases are θ1 = θ2 = 0 (θ1 = 0 and θ2 = pi). To obtain this figure we study
all collisions in the range 0 < A < 0.1 with 500 nodes.
with sharp peaks in the vout-A diagrams. In fact, for any sharp peak in the vout-A diagram,
we can define another type of windows with respect to parameter A which can be called an
A-window. Studying the peaks in Fig 16 a-e, shows that if a special peak corresponds to an
n-bounce A-window, a substantial number of peaks surrounding it, are (n+ 1)-bounce A-
windows (see Fig. 17). Therefore, there is a similar quasi-fractal structure in chaotic regions
of vout-A diagrams as well as the vout − vin diagram. These results can be generalized to
the vout-θ diagrams as well. To clarify, according to Fig. 14-b, we can select a special peak
among the others in Fig. 18-a with the red color. Similar to the same process described in
detail earlier, we show the results in Figs. 18 and 19 for vout − θ2 diagrams. For a more
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accurate analogy, it may be better to call the discussed windows in the vout− vin diagrams,
vin-windows.
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Figure 16. The quasi-fractal structure for the periodic ϕ4 system in vout-A diagram. The blue
peak in Fig-a, the green peak in Fig-b, the smooth part of the purple peak in Fig-c, the orange
peak in Fig-d, and the cyan peak in Fig-e are related to a two-bounce, three-bounce, four-bounce,
five-bounce, and a six bounce A-window, respectively. A similar explanation can be used for vin-
windows in Figs. 12 and 13.
4.4 The Collision of kink-antikink-kink
In this case we study the results of the collisions between two kinks and one antikink
(KKK). We set the initial conditions so that all the participants arrive at one point (origin)
simultaneously. The kinks, which are placed at x1 = −x3 = 20, are moving towards the
antikink placed at the origin (x2 = 0) with the same speed. The proper initial condition
for this situation is:
ϕKKK = tanh(+γ(x− vt− x1)) + tanh(−(x− x2)) + tanh(γ(x+ vt− x3)). (4.7)
In the context of the ϕ4 system, the critical speed is about vcr = 0.7650 for which if
v < vcr, eventually a single at rest vibrating antikink remains (Fig. 20-a), and if v ≥ vcr,
the orientation KKK will reappear after the collision (Fig. 20-b). Only for the four narrow
intervals of incoming speeds (yellow bars in Fig 21-b), close to the critical speed, KKK
reappear after the collisions. In fact, we can extend the concept of scattering windows for
the KKK collisions, that is, there are some special intervals of initial incoming velocities
slower than the critical speed for which KKK can scatter each other, but they are always
two-bounce scattering windows. At the edge of the scattering windows, another interesting
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Figure 17. The energy density representation of six disturbed kink-antikink collisions with
different values of A in the context of the periodic ϕ4 system. We set v = 0.2, θ1 = 0, and θ2 = pi.
For different peaks (A-windows) in Fig. 16, different n-bounce (n = 2, 3, 4, 5, 6) collisions would
occur.
phenomenon was observed which is the appearance of a vibrating antikink plus a bion state
that both leave the collision area in the opposite directions (Fig. 20-c).
For periodic ϕ4 system, studying the KKK collisions leads to different scenarios.
Again, if the initial speed is higher than a critical speed of about vcr = 0.3335, the ori-
entation KKK will reappear after the collisions (see Fig. 22-c). Although, for the initial
speeds smaller than vcr, there are different intervals for the incoming speeds with different
outcomes. More precisely, for KKK collisions with v < 0.3335, there are four different
scenarios at the end (see Fig. 23). First, a vibrating antikink and a bion state remain and
leave the collision area in the opposite directions (see Fig. 22-a and the blue bars in Fig. 23).
Second, similar to Fig. 20-a, only a standing vibrating antikink remains (see the red bars in
Fig. 23). Third, a vibrating antikink and two moving bion states remain (see Fig. 22-b and
the green bars in Fig. 23). Fourth, the triad KKK reappear after collisions (see Fig. 22-c
and the yellow bars in Fig. 23). The forth case particularly characterizes the (two-bounce)
scattering windows for the KKK collision in the context of the periodic ϕ4 system.
5 Summary and Conclusion
Based on the potential of the well-known relativistic kink-bearing ϕ4 system, we introduced
a new system that we call the periodic ϕ4 system. The potential function in both systems is
the same in the range −1 ≤ ϕ ≤ 1 which is corresponding to a kink (antikink) solution. But
for the periodic ϕ4 system, we use the same potential periodically in the range −1 ≤ ϕ ≤ 1
for other ranges from±1 to±infinity. As long as we are dealing with a single kink (antikink),
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Figure 18. The quasi-fractal structure for the ϕ4 system in vout-θ2 diagram. The blue peak in
Fig-a, the green peak in Fig-b, the black peak in Fig-c, the purple peak in Fig-d, and the cyan
peak in Fig-e are related to a two-bounce, three-bounce, four-bounce, five-bounce and a six-bounce
θ2-window, respectively.
everything is the same, and there is no difference between the two systems in terms of
physical properties, but when it comes to interaction with an antikink (a kink), due to
the potential difference in the other ranges, behaviors are practically different. This paper
attempts to provide a comparative study of the properties of two systems in interactions.
We have implemented a numerical program with proper accuracy in MATLAB, based
on a fourth-order Runge-Kutta scheme to simulate the collisions (interactions). We studied
the kink-antikink collisions to obtain the scattering windows and other properties of both
systems. For the ϕ4 (periodic ϕ4) system, the critical speed is about vcr = 0.2600 (vcr =
0.1516). Usually for the speeds less than the critical speed, kink and antikink stick together
and produce a bion state. However, in this range of initial speeds, there are many wide
and narrow intervals that the pair of kink-antikink can scatter from one another. Such
intervals on the axis of the incoming speed (vin) are called the scattering windows (in
this paper we call them vin-windows). The wide intervals in this range are two-bounce
vin-windows, and the surrounding narrow intervals are 3-bounce vin-windows. For the two-
bounce vin-windows, it was seen numerically that the time interval between the first and
second collisions increases in a linear fashion versus the number of successive two-bounce
vin-windows approximately in the same way for both systems. Around the three-bounce
vin-windows, there are some narrower intervals which are 4-bounce vin-windows, and so on,
that is, there exists quasi-fractal structures for both ϕ4 and periodic ϕ4 systems in vout−vin
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Figure 19. The energy density representation of six disturbed kink-antikink collisions with different
values of θ2 in the context of the ϕ4 system. We set v = 0.2, θ1 = 0, and A = 0.05. For different
peaks (θ-windows) in Fig. 18, different n-bounce (n = 2, 3, 4, 5, 6) collisions would occur.
Figure 20. The field representations of the KKK collisions in the context of the ϕ4 system. For
plots-a, b, and c, the initial speed is v = 0.5, v = 0.765, and v = 0.7591, respectively.
diagram where vin < vcr. The notable difference in vout − vin diagrams is that the peaks
around the two-bounce vin−windows in the ϕ4 system are symmetrically distributed to the
left and right, but for the periodic ϕ4 system, they mainly appear to the right of them.
Furthermore, another interesting phenomenon in studying the kink-antikink collisions of
the periodic ϕ4 system (that is not the case of the ϕ4 system) is the existence of very
narrow intervals of the initial speeds for which a pair of bion states appear as a result of a
kink-antikink collision.
Since the kink and antikink in ϕ4 (periodic ϕ4) system have a non-trivial internal
mode, they can get excited and have a constantly internal vibrational motion after each
collision. This internal motion can be specified by two parameters: amplitude of the trapped
wave profile A and the initial phase θ. For the same initial speeds larger than the critical
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 𝑣𝑖𝑛 
Figure 21. Different fates versus incoming speed for the KKK collisions in the context of the ϕ4
system. The red and yellow bars correspond to the intervals which leads to a single vibrating kink
and the reappearance of the triad KKK, respectively. In fact, four narrow yellow bars indicate four
scattering windows. To obtain this figure we studied all collisions in the range 0.74 < vin < 0.77
with the step size of 0.0001.
Figure 22. The field representations of KKK collisions in the context of the periodic ϕ4 system.
For plots-a, b, and c, the initial speed is v = 0.06, v = 0.1, and v = 0.28, respectively.
 
𝑣𝑖𝑛 
 Figure 23. Variety of different fates versus incoming speed of the KKK collisions in the context
of the periodic ϕ4 system. The blue, red, green, and yellow bars are showing different intervals of
incoming velocities which in turn lead to a bion state plus a vibrating kink, a single vibrating kink,
two bion states plus a vibrating kink, and the reappearance of the triad KKK. To obtain this
figure we studied all collisions in the range 0.025 < vin < 0.350 with the step size of 0.001.
speeds, the amplitude of the imposed internal vibrations on the kink and antikink after the
collisions, in the context of the periodic ϕ4 system, are smaller than that of the ϕ4 system,
thus, the output speeds are higher in value in the periodic ϕ4 system. In a disturbed kink-
antikink collision, for which at least one of the kink and antikink get excited, the study of
vout-A and vout-θ diagrams at a constant incoming speed show that we can introduce other
types of scattering windows on the axis of A and θ, which can be called A-windows, and
θ-windows. For such windows, we noticed a quasi-fractal structure similar to vin-windows.
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By looking at Figs. 12 (a-e), 13 (a-e), 16 (b-e), and 18 (b-e), it seems there is a general
rule for the fractal structure in ϕ4 and periodic ϕ4 systems. In fact, in the context of the ϕ4
(periodic ϕ4) system, for any wide peak, if the selected sharp peak (which is identified by a
different color) is on the right of that, in the next step, the surrounding sharper peaks are
mainly on the right (left). The same statement can be reused by replacing the words left
and right. For example, in Fig. 16-c which was obtained for the ϕ4 (periodic ϕ4) system,
we select a sharp purple peak on the left of the wide green peak, then in the next Fig. 16-d,
the main surrounding sharper peaks are on the right. As another example, in Fig. 18-d, the
selected sharp purple peak on the right side of the wide black peak, leads to a wide purple
peak with some surrounding sharper peaks mainly located on the right side of that.
Considering the collisions of three solitons (KKK) in both systems and comparing
them, show that the diversity of phenomena in the periodic ϕ4 is richer than the ϕ4 system.
For both systems, there are different critical speeds, that KKK always scatter from each
other and reappear after the collisions with v > vcr. In the context of the periodic ϕ4
system, the collision of the KKK for v < vcr occur in four different scenarios: First, the
appearance of a bion state plus a vibrating kink. Second, a single vibrating kink remains
after collision. Third, two bion states plus a vibrating kink appear after collision. Forth,
the reappearance of the triad KKK which specifies the scattering windows. However, in
the context of the ϕ4 system for v < vcr, we can also see narrow intervals close to vcr for
which the KKK reappear after collisions. Otherwise, the KKK collision always leads to
a single oscillating kink. Near the edge of the scattering windows in the ϕ4 system, the
appearance of a bion state plus a vibrating kink can occur exceptionally.
Although both ϕ4 and periodic ϕ4 systems have the same form of potential in the range
−1 ≤ ϕ ≤ 1 and have the same kink and antikink solutions, their differences elsewhere (i.e.
ϕ < −1 and 1 < ϕ) will cause significant changes in the interactive features. Hence, we
can call the form of potential elsewhere ” interaction potential ”. This idea can be used
to introduce any other type of ϕ4 systems with different interaction potential forms. For
example, one can study a modified ϕ4 system with a interaction potential in the following
form:
V (ϕ) =
1
2
B(ϕ2 − 1)2, ϕ < −1 and 1 < ϕ, (5.1)
where B can be any arbitrary positive number. It is undeniable that the case B = 1 is
the same ordinary ϕ4 system. Many interesting features, such as vcr, can be obtained as a
function of the parameter B. Furthermore, one can study the well-known SG system with
different interaction potential forms as well.
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